Abstract. We study the response of a He-4 detector to the interaction of sub-GeV dark matter using an effective field theory for the superfluid. We compute the lifetime of the phonon, which agrees with what known from standard techniques, hence providing an important check of the effective field theory. We then study the process of emission of two phonons, and show how its rate is much more suppressed than the phase space expectations; this is a consequence of the conservation of the current associated to the superfluid symmetries.
The EFT for the superfluid phonon and the dark matter
The question about the nature of dark matter has been at the center of several theoretical and experimental efforts for decades. Recently, some attention has been devoted to the possibility of a dark matter lighter than the GeV, as suggested by different models-see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and also [11, 12] . Experiments looking for particles in this mass range must have energy thresholds of an eV or below, and different ideas have been proposed .
Here we study the possibility of detecting sub-GeV dark matter using superfluid He-4, in particular via the emission of collective excitations following the interaction of the dark matter with the bulk of the detector [15, 16, 30, 31, 36] . To do that, we employ a relativistic effective field theory (EFT) for superfluids [37] [38] [39] , which describes the phonon self-interactions as well as its interactions with the dark matter, starting solely from symmetry arguments [30, 31] .
From the EFT viewpoint a superfluid is a system with a conserved particle number, whose generator Q is at finite density and spontaneously broken. Additionally, it also breaks boosts and time translations, generated by H, but preserves a particular combination of H and Q [39] . Given this symmetry breaking pattern the action describing the dynamics of the phonon and of the dark matter is completely determined-see [30, 31] for details. For the case of a scalar dark matter charged under a dark U d (1) group and interacting with the Standard Model via a scalar mediator coupled to the He-4 number density, the interactions of interest are found to be
with π(x) and χ(x) being respectively the phonon and dark matter fields, and c s ,n and m He the He-4 equilibrium sound speed, number density and mass. Beside the unknown parameters of the dark sector, the effective couplings are completely determined by the superfluid equation of state, e.g. by c s as a function of the pressure P [40] . They are given by
Here G χ is an effective coupling of the dark sector with dimensions (mass) −2 . The EFT can only describe the phonon degrees of freedom, and it has a momentum cutoff Λ 1 keV. Recall that the dispersion relation for an on-shell phonon of energy and momentum (ω, q) is ω = c s q.
As a check one can compute the decay rate for a phonon of energy ω, starting from the cubic interactions of Eq. (1). Using the Feynman rules derived in [30] one easily finds
in perfect agreement with what known from traditional methods [41] . 1 
Emission of one and two phonons
Two different ways have been proposed to detect collective excitations in the superfluid He-4. The first one is via calorimetric techniques, and it requires the total energy deposited in the system to be larger than 1 meV [42] . The second one instead employs the so-called "quantum evaporation" and requires for the energy of the single excitations to be higher than 0.62 meV [43] . From the action (1) one can compute the rates of emission of one and two phonons [30] . Being the velocity of the dark matter much larger than the speed of sound, v χ c s , the first emission happens at a fixed Cherenkov angle, cos θ = cs vχ + q 2mχvχ , possibly allowing for directionality. However, it can only be detected via quantum evaporation, and it produces observable phonons only for a dark matter heavier than roughly 1 MeV.
One the other hand, the process of emission of two phonons crucially allows to push the signal down to masses as light at the keV. In particular, for sub-MeV dark matter particles the dominant kinematical configuration is the one where the two outgoing phonons of momenta q i are almost back-to-back, i.e. q 1 −q 2 (see Figure 1) . In this configuration the energy released to the system is maximized and the final phonons could be detected with both calorimetric techniques as well as quantum evaporation. For details on the calculation of the rates described above we refer the interested reader to [30, 31] . From Figure 1 we see that the peak of the angular distribution is strongly dependent on the dark matter mass.
In Figure 2 we instead report the projected sensitivity. Note that our results for the twophonon emission are in agreement with those found in [15, 16] , whose analysis includes both phonons and rotons. Given that our EFT describes only the former, we deduce that phonons contribute the most to the total rate of interest, with little role played by rotons.
Rate suppression from conservation of current
In Figure 2 we have also reported a pure phase space exclusion plot for the two-phonon emission, obtained setting the matrix element to a constant, M = G χ m χ m He c 2 s , for dimensional reasons. As one can see, the two-phonon rate is suppressed by several orders of magnitude with respect to the naive phase space expectations. The reason for this was found in [31] . In particular, as we have already explained, for a dark matter mass below the MeV, the dominant configuration Figure 2 . Projected excluded region as referred to the 95% C.L. for one kg of material and one year of exposure, assuming no background. For the emission of two phonons we assume detection via calorimetric techniques; for masses lighter than 1 MeV the curve obtained requiring quantum evaporation differs from the previous one by less than an order of magnitude.
is the one where the exchanged momentum, q = q 1 + q 2 , is almost zero. It has been shown that in this regime there is a nontrivial cancellation between the two Feynman diagrams contributing to the process, such that the amplitude is identically zero in the strict q = 0 limit. 2 This however only happens if the dark matter is coupled to He-4 exactly via the number density; if this coupling is modified even a bit the final rate increases by orders of magnitude [31] .
Here we provide a further understanding of this effect, showing that it is nothing but a consequence of the conservation of current for the U (1) symmetry of the superfluid. In fact, when the dark matter couples to the He-4 number density, the interaction Lagrangian is given by L int = G χ m χ |χ(x)| 2 n(x), where n(x) is the local number density, i.e. including fluctuations (phonons) [30] . The initial and final states for the two-phonon emission process are |i = |χ(k) and |f = |χ(k )π(q 1 )π(q 2 ) . The contribution of the dark matter to the matrix element is trivial, and the only relevant part is the one involving the number density, π(q 1 )π(q 2 )|n(x)|µ , with |µ being the superfluid strongly interacting ground state. The number density is the time component of the conserved current associated with the superfluid U (1), J 0 (x) = n(x). Consider then the LSZ formula for the matrix element of the current with two outgoing phonons:
The phonon field shifts under the U (1), π → π + a, and the Ward identity for the conservation of current reads ∂
µ|π(x 1 )|µ . As usual, contact terms do not contribute to the on-shell matrix element since they shift the position of the pole on the external legs [44] , and starting from Eq. (4) one obtains, in momentum space, q µ π(q 1 )π(q 2 )|J µ (q)|µ = 0. In the q = 0 limit one indeed gets than the matrix element for the emission of two phonons vanishes, π(ω 1 , q 1 )π(ω 1 , −q 1 )|n(ω, q = 0)|µ = 0.
Note also that the argument above is easily generalized to more phonon fields. We then expect for this cancellation to happen for any number of final state phonons in the limit of zero exchanged momentum.
Conclusion
Superfluid He-4 is a promising material to search for dark matter particles as light as the keV, with different ongoing R&D efforts [42, 43] . The EFTs for different states of matter can play a central role in the future theoretical understanding of such a system, as well as others.
